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A GENERALIZATION
OF MARSHALL’S EQUIVALENCE RELATION

IDO EFRAT

ABSTRACT. For p prime and for a field F' containing a root of unity of order
p, we generalize Marshall’s equivalence relation on orderings to arbitrary sub-
groups of F'X of index p. The equivalence classes then correspond to free pro-p
factors of the maximal pro-p Galois group of F. We generalize to this setting
results of Jacob on the maximal pro-2 Galois group of a Pythagorean field.

1. INTRODUCTION

Let p be a prime number and let F' be a field of characteristic # p. We denote
the compositum of all finite Galois p-extensions of F' by F(p), and let Gr(p) =
Gal(F(p)/F) be the maximal pro-p Galois group of F. One of the rare cases where
the group-theoretic structure of Gg(p) is completely understood is when p = 2, F
is a Pythagorean field, and G(2) is finitely generated (as a pro-2 group). Here F'
is called Pythagorean if every sum of squares in F' is already a square. This is by
striking results of Bill Jacob [J], which are based on a decomposition theory for the
so-called spaces of orderings, due to Murray Marshall [Mal]. These spaces are
an abstract setting in which one can develop most of the theory of quadratic forms
over Pythagorean fields in a formal way (see [Ma3] for details). In the concrete case
of spaces of orderings of Pythagorean fields, results equivalent to Marshall’s were
obtained by Craven in [CI] and [C2].

In what follows, an ordering on a field F' will be an additively closed subgroup
P of the multiplicative group F* of F such that I’ = P U — P. We denote the
set of all orderings on F' by Xg. Call P, P, € X equivalent if either P, = P,, or
there exist P3, P, € Xp such that the orderings Py, P>, P3, P, are distinct, and the
intersection of any three of them equals the intersection of all four (such a system
is called a 4-fan). Marshall proves that this is indeed an equivalence relation on
XF (see [Mall Th. 2.3] and [Ma3l, Th. 4.6.1(2)] for proofs in the more general case
of abstract spaces of orderings, and [Mer], §4] for a proof in the concrete case of
fields). As in [E1] we call this relation Marshall-equivalence.

Now suppose that F is Pythagorean and that Gr(2) is finitely generated (or
what amounts to the same thing, X is finite). To any Marshall-equivalence class
C in X we associate a closure F' C F C F(2) as follows: When C consists of a
single ordering P we take F to be a Euclidean closure of F at P, i.e., a relative
real closure of (F, P) inside F(2). When 1 < |C| there exists a valuation v on F'

Received by the editors September 27, 2003 and, in revised form, June 20, 2004.
2000 Mathematics Subject Classification. Primary 12E30; Secondary 12J15, 19C99, 12J99.
This research was supported by the Israel Science Foundation grant No. 8008/02—1.

(©2005 American Mathematical Society
Reverts to public domain 28 years from publication

2561



2562 IDO EFRAT

with non-2-divisible value group, such that C consists of all orderings containing
the 1-units of v (see [J]; this is also a consequence of Brocker’s “trivialization of
fans” theorem [Br]). We then take F to be a decomposition field of v inside F(2).

The Jacob—Marshall theory shows that for F' as above, the partition of X into
equivalence classes corresponds to a decomposition of Gr(2) as a free product in
the category of pro-2 groups as follows (see also [Mi], [EH| §3] and [E1]):

(1) if F is a closure of F at an equivalence class C', then G (2) cannot be
decomposed as a free pro-2 product in a nontrivial way;

(2) there exist closures Fl,...,Fn of F' at the distinct equivalence classes
C4,...,Cy, respectively, of Xg such that Gg(2) = GF1(2) *o - % GF" (2) (where
*9 denotes free pro-2 product);

(3) if Hy,..., H, are closed subgroups of G (2) such that Gg(2) = Hy *g - - - *q9
H,,, then each H; is generated by subgroups of the form G (2), where F'is a closure
of I’ at some Marshall-equivalence class;

(4) if C is a Marshall-equivalence class in X with closure F, then C is the
image of the restriction map Xz — Xp, P— FNP.

Now the structure of the free pro-2 factors in (2) is known; namely, when |C;| = 1,
Gy (2) =2 Z/2 [B]. When |Cy] > 1, the valuation yielding Fy has a real Pythagorean
residue field F;. In particular char F; = 0. By the Galois theory of tame valued
fields, G, (2) & Z5'xGp, (2) for m = dimp, (v(F>)/20(F™)), where the action of
G 7, (2) on Z3" is given by multiplication by the cyclotomic character (see §3(A) for
details). Since G, (2) is generated by fewer elements than G (2), we inductively
obtain in this way a complete group-theoretic description of G (2), as mentioned
above.

In this paper we generalize Marshall’s equivalence relation from the case of or-
derings on Pythagorean fields to the case of arbitrary subgroups of F'* of index
p, where F' is an arbitrary field of characteristic # p containing the pth roots of
unity (of course, an ordering has index 2 in F*). We then prove generalizations of
(1), (3) and (4) to our generalized equivalence relation and the pro-p group Gg(p)
(Theorem 6.4, Theorem 6.6, and Proposition 5.8, respectively).

The expected generalization of (2) is an arithmetic variant of the so-called “ele-
mentary type conjecture”. This conjecture was introduced in [Ma2] in the context
of abstract Witt rings. It predicts that if such a ring is finitely generated, then
it can be built-up in finitely many steps from the Witt rings of C, R, finite fields
of characteristic # 2, and dyadic fields, using two natural algebraic constructions,
called “direct sum” and “extension”. The conjecture has been proved in many
cases in the numerous works of Berman, Carson, Cordes, Craven, Fitzgerald, Kula,
Marshall, Szczepanik, Szymiczek, Yucas and others (see the survey [Mad] for more
details and for references). Jacob and Ware ([JWrl], [JWr2]) translated this con-
jecture to the context of finitely generated maximal pro-2 Galois groups of fields
and free pro-2 products. It was then generalized in [E2] (see also [E4] Question 4.8]
and [HwJ, Remark 2.14]) to maximal pro-p Galois groups of fields (containing a
primitive pth root of unity) and free pro-p products, where p is any prime number.
In its “arithmetic” form, the conjecture then says that if Gz (p) is finitely generated,
then it is a free pro-p product of subgroups which are isomorphic to Z,, Z/2 (when
p = 2), or are decomposition groups of valuations with nontrivial inertia group.
This is known for several important families of fields — among them, global fields
([E4], [E6]) and fields of transcendence degree < 1 over a local field ([JP], [E7]). In
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Theorem 7.4 we show that for these and several other families of fields, the natural
generalization of (2) holds.

Our approach uses valuation-theoretic techniques, which are reviewed in §2. The
analysis is based on the description of finitely generated groups Gp(p) for F p-
Henselian with residue characteristic p, as obtained in [E5], and on the indecom-
posability results of [E3] (which in turn are based on the pro-p version of the Kurosh
subgroup theorem, as in [H| and [Mel]).

2. VALUATIONS

Let v be a (Krull) valuation on F. We denote the valuation ring, maximal
ideal, residue field, and unit group of v by O,, m,, F,, O, respectively. We set
G, = 14+m,, and let 7,: OX — F* be the canonical group epimorphism with kernel
G,. One says that v is trivial if F' = O,. The valuation v induces a topology on
F with a basis consisting of all sets a + bm,,, where a,b € F' and b # 0.

Next let S be a subgroup of F* and let S, = m,(S N O) be its push-down to

F,. Then v and 7, induce short exact sequences:
1 — OS/(SNO)) — F*/S — v(F*)/v(S) — 0 ,
(2.1) 1 — G,/(SNGy) — OF/(SNOY) — FJ/S, — 1
In particular, for S = (F*)?G,, we have v(S) = pv(F*) and S, = (F))?, so (2.1)
combine to the following short exact sequence:
)Po—= FX/(F)PGy — v(F¥)/p — 0

Given valuations v and u on F, we say that v is finer than u (and that w is
coarser than v) if G, < G,. This is equivalent to any of the conditions m, C m,
and O, 2 O,. Then O, /m, is a valuation ring on F,,. We denote the corresponding
valuation by v/u. One has F, = (F,)y/u, 7u(Gy) = Gy, and m,(0)) = O:/u.

Also, there is a short exact sequence of ordered abelian groups [Bol Ch. VI, §4.3]
0 — (v/u)(Fy) — v(F*) — w(F*) = 0 ,

(2.2) 1 — EXJ(FY

v

which induces an exact sequence of abelian groups
(2.3) 0 — ((W/uw(FS)/p — v(F*)/p — u(F*)/p — 0

Finally, it is straightforward to verify that the homomorphism m,: OX — EX is
continuous with respect to the v-topology on O and the v/u-topology on FX.

A nontrivial valuation has rank 1 if it has no nontrivial coarsenings. Any col-
lection of valuations v;, ¢ € I, has a finest common coarsening u; namely, O, is
generated as a ring by O,,, @ € I. We say that valuations v and v on F' are com-
parable if one of them is coarser than the other. We recall [Bol, Ch. VI, §4.1,
Cor.]:

Proposition 2.1. Let vy, va, u be valuations on the field F', with vi,vs coarser than
u. Then vy,vs are comparable.

Valuations v; and vy on F' are independent if their finest common coarsen-
ing is trivial. When vy, vs are nontrivial valuations they are independent if and
only if the following weak approximation property holds: The intersection of any
two nonempty sets Uy, Uy which are open in the v;-topology and the vs-topology,
respectively, is nonempty (see e.g. [Bol Ch. VI, §7.2, Th. 1]).
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Lemma 2.2. Let v; and vy be independent nontrivial valuations on the field F.
Fori=1,2 let U; be a v;-open subgroup of F*. Then F* =U; - Us.

Proof. Given a € F'*, the weak approximation property yields b € Uy NaUs. Then
a:b~ab*1€Ul~Ug. O

Corollary 2.3. Let vi,vs be incomparable valuations on the field F and let u be
their finest common coarsening. Let Uy, Uy be subgroups of Oy such that m,(U;) is
v;Ju-open in )X, i =1,2. Then O) = G, U1Us,.

Proof. The map v — v/u is an order-preserving bijection between the partially
ordered set of all valuations v on F' finer than u and the partially ordered set of
all valuations on F, (with respect to the coarsening relation; see [Bol Ch. VI, §4.1,
Prop. 2]). Hence the valuations v; /u,vo/u on F, are independent and nontrivial.
By Lemma 2.2, FX = 7, (U;) - m,(Us) = m,(U1Us). The assertion now follows by
taking inverse images with respect to m, and recalling that G, = Ker(m,). O

We say that a valuation v on the field F is almost p-adic if F, is a finite field
of characteristic p and there is a coarsening v’ of v such that char F,, = 0 and
such that the value group of v/v’ is Z. In particular, v/v’ has rank 1, so there is
no valuation on F which is strictly coarser than v and strictly finer than v'. It
therefore follows from Proposition 2.1 that every proper coarsening of v is coarser
than v/. We call ¢/ the finest coarsening of v. Also let E = F,, and let E; be
the completion of E with respect to v/v’. Being a complete discretely valued field
of characteristic 0 and with finite residue field of characteristic p, F; is a finite
extension of Q,. We set

G, =, (B N (E1)P)
It is straightforward to verify the following facts:

Lemma 2.4. (a) Gy <G\ <Oy;
(b) The push-down of (F*)PG! by v' to E is E* N (E])P.

In addition to the case of almost p-adic valuations, we define the group G! for
valuations v with char F,, # p by simply setting

G, ,=G,=1+m,

Lemma 2.5. Let v be a valuation on F such that either char F, # p or v is almost
p-adic. Let u be a valuation on F which is strictly coarser than v. Then m,(G}) is
v/u-open in Fy.

Proof. 1f char F, # p, then m,(G),) = m,(Gy) = Gy, is clearly v/u-open.

Next suppose that v is almost p-adic. Let v/, E = F,,, and E; be as above. As
observed earlier, u must be coarser than v'. By Lemma 2.4(a), G,» < Gl < O}, <
0. It follows that m, (G) < m,(0)) = Oj,/u. Hence 7, /,, (74 (G},)) is well defined
and equals m,/(G,). Furthermore, Ker(m, /) = Gy = Tu(Gor) < mu(GY,), s0 we
obtain

mu(G) = 70, (1o (G)) = 70, (BX 0 (EF)P)
Now by Hensel’s lemma [FeVl Ch. II, (1.3)], the subgroup E* N (E])? of E*
contains 1 + mev/v/. Hence it is v/v'-open in E. As we have observed, the map
ot Ju: O:,/u — E* is continuous with respect to the v/u-topology on O:,/u and the

v/v'-topology on E*. Consequently, 7, (G)) is v/u-open in this case as well. O
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3. p-HENSELIZATIONS

From now on we assume that F' is a field of characteristic # p containing the
pth roots of unity.

A valuation v on F'is called p-Henselian if it has a unique prolongation to F'(p);
equivalently, Hensel’s lemma holds for polynomials of degree p (see e.g. [Br], [Wd]
for this and the following well-known facts). When char F, # p, the valuation v is
p-Henselian if and only if G, < (F*)P. A p-Henselization of F' with respect to a
valuation v is a decomposition field (F,,d) of the valued field (F,v) in F(p). Then
¥ is p-Henselian, and has the same value group and residue field as v. If u is another
valuation on F' which is coarser than v, then v is p-Henselian if and only if both
uw and v/u are p-Henselian. Also, for any p- Henselizations F,.F, of (F,u),(F,v),
respectively, there exists o € Gp(p) such that o(F,) C F,.

(A) The tame case: char F, # p.

Lemma 3.1. Let v be a valuation on F with char F, # p and let (F,,?) be a
p-Henselization of (Fyv). Then F*/(F*)PG, = F)}/(F))?P canonically.

Proof. By Hensel’s lemma Gy < (EX)P. Also, the exact sequences (2.1) (for © and
for the subgroup S = F* of FX) gives F.X = F*Gy. Tt follows that X = F*(EX)P,

Next we note that (F*)?G, < F* n (FX)P. For the converse inclusion, let
a € FUX satisfy a? € F*. Write a = bc, with b € F* and ¢ € G;. Then ¢? = aP /bP €
G NF* =Gy, s0 a? = bPcP € (F*)PG,. Consequently, (F*)PG, = F* N (E))?,
and we get the desired isomorphism. O

Let Fy,; be a maximal nonramified extension of (F,v) inside F(p). Thus GF,, (p)
= Gal(F(p)/Fy) is an inertia group of (F,v) relative to F(p). When (F,v) is
p-Henselian, Fy; is uniquely determined, and hence so is the inertia group. When
char F, # p one has Gp, (p) = Z7', where m = dimg, (v(F*)/p); furthermore,
Gr(p) = GF, (p)XGE, (p). Here 0 € Gp, (p) acts on 7 € Gp,, (p) by 77 = 7X,
where y is the pro-p cyclotomic character of o, i.e., x is the principal p-adic unit
satisfying o (¢) = ¢X for all roots of unity ¢ of p-power order (see e.g. [E3| Lemma
1.1)).

(B) The wild case. Next we analyze in detail the structure of p-Henselizations in
the more delicate case of almost p-adic valuations.

Proposition 3.2. Let v be an almost p-adic valuation on F. Let v’ be the finest
coarsening of v, let E = F,/, and let (Ey,w;) be the completion of E with respect
to w = v/v" as before. Let (F,,?) be a p-Henselization of (F,v). Then:

(a) © has a unique coarsening ¥ which extends v';

(b) v/, 0" have the same value group;

(¢) the valuation w = ©/0' on the residue field E of (F,,©') has the same value
group, residue field, and completion as (E,w);
) Ex(p) = Ex- E(p);
) E=E(p)NE;
) (EX)P = E* N (E])P;
) EX/(E* N (Ey)P) =
) dimg, (F*/(F*)PG')
) the inertia group of v in F(p) is nontrivial.

E J(EXY = EX)(EX)P canonically;
> 3;
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Proof. (a) The existence of ¢’ follows from the Cohen—Seidenberg theorem (see [Jr]
Lemma 9.4]). The uniqueness follows from Proposition 2.1 and from the fact that
distinct prolongations of a valuation to the same algebraic extension are necessarily
incomparable [Jr, Cor. 6.6].

(b), (¢) We have a commutative diagram of abelian groups with short exact
rows

0 — wkE*) — v(F*) — VEF*) — 0
| I |
0 — w(E) — oFy) — VE) - 0,
where the right vertical map is an embedding. Hence all the vertical maps are
equalities.

The residue field of (E,w) is F,, and the residue field of (E,w) is the same as
the residue field of (F,,, %), which is also F,,. Thus (E,w) and (E, ) are discretely-
valued fields of characteristic 0 with the same value group and residue field. Hence
they have the same completion F;.

(d) This follows from Krasner’s lemma [Jr, §12].

(e) Since F,/F is a p-extension, so is the corresponding extension E/E of
residue fields. Let £/ = E(p) N E; and let @ be the restriction to £’ of wy. By (c),
(B, @) is a valued field extension of (F, ) with the same value group and residue
field. Furthermore, since © is p-Henselian, so is 1. Hence @’ is the unique extension
of W to E’. Since w, @’ are discrete, the fundamental equality of valuation theory
[Bo, Ch. VI, §8.5, Cor. 1] implies that E=F.

(f) Clearly (Ex)p < EX N (E)P. For the converse take a € E; such that
a? € EX. Then E(a) C E(p), so by (e), a € E, as desired.

(g) By Hensel’s lemma again, the group of p-powers in E{ is open with re-
spect to the w1 -topology on F;. Since FE is wi-dense in Fp, the homomorphism
E* — EJ/(E{)? is therefore surjective. Hence EX/(E* N (E])P) = E{/(E{)P
Canomcally

Since (E1,wq) is also the completlon of (E,w) (by (c)), the same argument gives
an isomorphism E* /(E* N (EJ)?) = EX/(EX)P. Therefore, by (f), E* /(EX)P ~
By J(ES)P.

(h) Inlight of Lemma 2.4(b), the exact sequences in (2.1) (for the valuation v’
on F' and for S = (F*)PG,) give

(B (F*)PG,) = (B - EX N (B)P)

By (g), EX/(E* N (E{)P) = E{/(E{)P. Moreover, E; contains a primitive pth
root of unity. In light of the structure of the multiplicative group of p-adic fields,
the latter group has Fp-linear dimension [E; : Q] +2 > 3 (see e.g. [S1, Ch. XIV,
§4] or [E9, Prop. 4.1]).

(i) The valuations 9, 9’, and @ induce epimorphisms ps: G (p) — Gp, (p),
pir: Gg (p) = Gp(p), and py: Gg(p) — G, (p), respectively, such that ps = pyg o
pi - Their kernels are the corresponding inertia groups. Hence py maps the inertia
group of v in F(p) onto the inertia group of @ in E(p). Also, (E, %) and (E1,w;)
have the same residue field, so the restriction isomorphism Gg, (p)—G ;(p) maps
the inertia group of w; in Fj(p) bijectively onto the inertia group of w in E(p).
However, the inertia group of the p-adic valuation w; in F(p) is nontrivial. We
conclude that the inertia group of v in F(p) is also nontrivial. (I
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We now deduce an analog of Lemma 3.1 for the almost p-adic case:

Lemma 3.3. Let v be an almost p-adic valuation on F and let (Fv,f}) be a p-
Henselization of (F,v). Then F*/(F*)PG! = FX/(F))P canonically.

Proof. We use the notation of Proposition 3.2. Set S = (F*)?G’, and S; = (F})P.
By Proposition 3.2(f), EX N (E{)? = E* N (E*)P. Hence

Gy, = m, (EX N (E)P) = m (BN (EX)) < mp (BX)P) = Gor(0F) < (B,

where in the last step we used Hensel’s lemma for (Fv, 0'). Therefore S < Sj.

By Lemma 2.4(a) and Proposition 3.2(b), v'(S) = pv/(F*) = pt/ (EX) = 9'(S}).
By Lemma 2.4(b), S,, = EX N (E})?. Furthermore (Sy)y = (E*)P.

Now G,y < S (Lemma 2.4(a)) and Gy < Sy. Hence the exact sequences in (2.1)
for F', S, and v/ (resp., F,, S1, and ') give the exactness of the upper (resp., lower)
row in the following commutative diagram:

1 — EXJ(EXN(Ef)P) —  F*/S  — JFE)/p — 0

I - EXJ(Ex)P - B = VE ) -0
By what we have seen, the right vertical map is an isomorphism. By Proposition

3.2(g) so is the left vertical map. We conclude that the middle vertical map is also
an isomorphism. O

Lemma 3.4. Suppose that p = 2 and let v be an almost 2-adic valuation on F.
Then G, is not contained in any ordering on F.

Proof. Suppose that G, < P for some ordering P on F. By Lemma 2.4(a), G,y <
G! < P. Hence the push-down P,s of P with respect to v’ is an ordering on E [[]
Prop. 2.9]. By Lemma 2.4(b), it contains E* N (E;)2.

Now denote w = v/v'. The completion (Ey,w) of (E,w) is a 2-adic field, hence

nonreal. Therefore there exist 0 # z1,...,2, € Ey with Y., 2* = —1. Since
F is wi-dense in F, we can approximate xi,...,z, by elements y;,...,y, € E,
respectively, so that Y .._,y? € —(1 + 4m,). By Hensel’s lemma, 1 + 4m,, <
E* N (EY)% We obtain the contradiction }_;_, y? € —P,. O

4. p-CONNECTED VALUATIONS

Let Dy = lim Don be the infinite pro-2 dihedral group. Thus Do = Zax(Z.]2),
where the generator ¢ of Z/2 acts on a generator 7 of Z by 76 = 77 1. Alternatively,
Do = (Z/2)%2(Z/2), where the free factors are generated by the involutions e, e7. Tt
follows from the semi-direct product decomposition of Do, that its closed subgroups
are of one of the forms 1, Z/2, Zo, and Deo.

A field E is Euclidean if (E*)? is an ordering on E. Equivalently, Gg(2) =
Z/2 [B]. We say that a valuation v on our field F is exceptional if p = 2,
(v(F*) : 2v(F*)) = 2 and F, is Euclidean. Then in particular char F,, = 0 and
(F*: (F*)2G,) =4, by (2.2).

Lemma 4.1. Suppose that p =2 and let (F,v) be a 2-Henselian valued field such
that v(F™) # 2v(F>*). Then Gp(2) 2 Do if and only if v is exceptional.
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Proof. The “if” part follows from the Galois theory of tame p-Henselian fields, as
in §3(A).
For the “only if” part, suppose that G (2) & Dy. By Kummer’s theory,

F*J(F*)? =~ Hom(Gp(2),Z/2) = Hom(Dy, Z/2) = (Z/2)?

Since Do contains involutions, F' is an ordered field. Hence so is its residue field
F, [L, Th. 3.16(2)]. In particular, char F, = 0 and F* # (F))%.

If (v(F*) : 20(F*)) > 2, then Gp(2) = Do, would contain a copy of Z2 (see
again §3(A)), a contradiction. Conclude that (v(F*) : 2v(F*)) = 2. By (2.2),

(0(F) : 20(F))(F) « (F))?) = (F* : (F¥)?) =4
Therefore (F) : (FX)?) = 2. Hence F, is Euclidean and v is exceptional. O

Remark 4.2. This exceptional case can also be interpreted in terms of the theory
of ordered fields. Namely, if v is an exceptional valuation on F, then (F*)2G, is a
preordering on F' which is contained in precisely two orderings. Hence it is a trivial
fan, in the sense of [[ Def. 5.1]. However, not every fan which is contained in just
two orderings arises from a valuation in this way. See [Ll §5] for more information
on fans and their connection to valuations.

Definition 4.3. We say that a valuation v on the field F' is p-connected if:

(i) either char F, # p or v is almost p-adic;
(ii) v(F*) # pv(F);
(iii) (F* : (F*)PG)) > p; and
(iv) v is not exceptional.

Lemma 4.4. Let v be a p-connected valuation on F and let u be a valuation on F
which is strictly coarser than v. Then:

(a) char F, # p;
(b) Gu <G, < OF.

Proof. If char F, # p, then p € m,,, so p € m,,, whence (a). Moreover, G/ = G, so
G, <G <0) <OF in this case.

Next suppose that v is almost p-adic. Then u is coarser than the finest coarsening
v’ of v. Since char F,, = 0, also char F,, = 0. By Lemma 2.4(a), G, < G, < G’ <
0., < O in this case as well. O

Lemma 4.5. Let v be a p-connected valuation on F. Then every coarsening u of
v 1§ nonexceptional.

Proof. Suppose that u is exceptional. Then p = 2 and char F,, = 0. We choose 2-
Henselizations (F,, @), (Fy, ) of (F,u) and (F,v), respectively, such that F, C F,.
The valuation @ is also exceptional, so by Lemma 4.1, G (2) = Ds. Hence Gp, (2)
is isomorphic to one of 1,Z/2,Zs or Doo.

By condition (iii) of Definition 4.3, (F* : (F*)?G’) > 2. From Lemma 3.1
and Lemma 3.3 we deduce that (F* : (FX)?) > 2, so G (2) 2 1,Z/2,Zs. Thus

G, (2) & Doo. 1t follows from Lemma 4.1 and from condition (ii) of Definition 4.3
that 9 is exceptional, and hence so is v. This contradicts condition (iv). ]
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5. p-EQUIVALENCE

The next result is the key fact needed for our generalization of Marshall’s equiv-
alence relation:

Proposition 5.1. Let v1,vs be p-connected valuations on F and let u be their finest
common coarsening. If (F*)PG, G, < F*, then u is p-connected as well.

Proof. If vy is coarser (resp., finer) than vy, then v; = wu (resp., v2 = u), so u is
p-connected.

We may therefore assume that v; and vy are incomparable. Then w is strictly
coarser than both of them. We show that it satisfies conditions (i)—(iv) of Definition
4.3.

By Lemma 4.4(a), char F,, # p, so G!, = G,, and condition (i) holds for u.

For i = 1,2 Lemma 4.4(b) gives G, < G, < O). In particular, (iii) holds for u.
Furthermore, by Lemma 2.5, m,(G",) is v;/u-open in FX. Corollary 2.3 therefore
implies that O; = G G,,. It follows from the assumption that (F*)?O.; =
(F*)PG, G, < F*. Hence condition (ii) holds for w.

Finally, Lemma 4.5 gives condition (iv). d

From this and from Lemma 4.4 we deduce:

Corollary 5.2. Let T be a proper subgroup of F* containing (F*)P. The collection
of all p-connected valuations v on F with G, < T forms an inverse system with
respect to coarsening; namely, if vy, vs are in this collection, then so is their finest
COMMOn coarsening.

We denote the collection of all subgroups T' of F* such that (F* : T) = p by
Xp.
Definition 5.3. We say that 77,75 € &), are p-equivalent if either:
(i) Ty = Ty; or
(ii) Ty # T and there is a p-connected valuation v on F' such that G, < T1NT5.

This relation is trivially reflexive and symmetric; Corollary 5.2 and Lemma 4.4
imply that it is transitive, hence an equivalence relation. When p = 2 it extends
the Marshall-equivalence relation on orderings on a Pythagorean field, as we now
show.

Proposition 5.4. Assume that p = 2 and that F is Pythagorean. The following
conditions on distinct orderings Py, P, on F' are equivalent:
(a) Py, Py are 2-equivalent;
(b) Py, Py are Marshall-equivalent;
(c) there is a valuation v on F such that G, < Py, P> and either
(1) (W(F*):20(F*)) >4 or
(2)  (v(F*):20(F*)) =2, and there are at least two orderings on F,,.

Proof. (b)&(c):  This is proved in [EIl Lemma 2.2].

(a)=(c): Take a 2-connected valuation v on F such that G|, < P;,P,. By
Lemma 3.4, v cannot be almost 2-adic. Hence char F, # 2, so G! = G,. By
condition (ii) of Definition 4.3, (v(F*) : 2v(F*)) is divisible by 2. If it is precisely
2, then F, is not Euclidean (by Definition 4.3(iv)). However it is Pythagorean

(since F is). Thus (F¥)? is the intersection of all orderings on F,. Consequently,
there are at least two such orderings.
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(c)=(a): Let v be as in (¢). By [L, Prop. 2.9], F, is an ordered field. Hence
char F,, = 0, so again G! = G,. By the exactness of (2.2),
(F* (F*)2Gy) = (v(FX) 1 20(F™ ) (F) : (F))?) > 4

v v

Thus v is 2-connected, so Py, P» are 2-equivalent. O

Let C' be a p-equivalence class in &), and let v be a p-connected valuation. We
say that v corresponds to C if G}, < T for some T € C. We note that every p-
connected valuation corresponds to a unique p-equivalence class. Conversely, when
|C| > 1 there is at least one p-connected valuation corresponding to C.

Lemma 5.5. Suppose that C is a p-equivalence class in X, with |C| > 1. Then
NC =N, (F*)PG,), where v ranges over all p-connected valuations on F' corre-
sponding to C'.

Proof. Since (), ((F"*)PG1,) contains (F'*)P, it is the intersection of all the groups
T € X, containing it. Therefore it suffices to show that for 7' € &}, one has T' € C
if and only if (N, ((F*)?G,,) < T.

Let T € X), contain [, (F*)PG’,. Choose a p-connected valuation v correspond-
ing to C. Thus there exists 77 € C such that G, < T'. As G, < T NT’, the
subgroups T, T" are p-equivalent. Hence T € C.

Conversely, assume that T € C. Choose T # T’ € C. Then T,T’ are p-
equivalent, so there exists a p-connected valuation vg such that G, < T,T". Hence
NL((FXPGY) < (F* PGy, <T. O

Lemma 5.6. Let C be a finite p-equivalence class in X, with |C| > 1. Then there
exists a p-connected valuation v on F corresponding to C and such that (1C =
(F*)PG! . Moreover, this holds for every p-connected coarsening of v.

Proof. By the finiteness assumption, (F* : [(C) < oo. Therefore Lemma 5.5
gives rise to p-connected valuations vy, ..., v, corresponding to C such that (C =
N ((F*)PG,,). The finest common coarsening vy of v1,...,v, is p-connected
(Proposition 5.1).

In light of Corollary 5.2 it suffices to show that (C = (F*)PG,, for every p-
connected coarsening v of vg. Indeed, by Lemma 4.4(b), G, < G ,i=1,...,n.
Hence v also corresponds to C, so we are done by Lemma 5.5 again. O

Corollary 5.7. Let C be a finite p-equivalence class in X, and let T € &,,. Then
TeC ifand only if (C <T.

Proof. The “only if” part is trivial, and so is the “if” part when |C| = 1. Suppose
that |C] > 1 and (1C < T. Lemma 5.6 yields a p-connected valuation v on F
corresponding to C such that ((C = (F*)PG,. Choose T’ € C. Then G, <TNT’,
so T, T are p-equivalent. We conclude that T' € C. O

It is convenient to distinguish between the following three types of p-equivalence
classes C' in X):

TYPE 1: C = {P}, with P an ordering on F (then necessarily p = 2, since
otherwise —1 € (F*)? < P).

TYPE 2: C = {T}, with T not an ordering,.

Type 3: |C] > 1.
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Definition. Let C' be a p-equivalence class in &},. A closure of F' at C will be a
subextension F C F' C F(p) as follows:

e if C ={P} is of type 1, then F is a Euclidean closure of F at P;

o if C={T} is of type 2, then T < (F*)P and F* /T = F* /(F*)P canonically;
o if C is of type 3, then F'is a p-Henselization of F with respect to a p-connected
valuation v corresponding to C' such that F*/(C = F* /(F*)? canonically.

Such a closure always exists. Indeed, for C' of type 1 this follows from [B]. For
C of type 2 it follows from Kummer theory. For C' of type 3 Lemma 5.6 yields
a p-connected valuation v corresponding to C such that (C = (F*)?PG,,, and we
apply Lemma 3.1 and Lemma 3.3.

If F is a closure of F at C, then so is o(F) for every o € Gp(p). Also, for all
three types, F*/(C = F / (]3' *)P canonically. Consequently we get the following
generalization of part (4) of the Jacob—Marshall decomposition theory, as described
in the Introduction.

Proposition 5.8. Let E' be a closure of F at a finite equivalence class C. Then C
consists of all restrictions F N'T to F of subgroups T of F'* of index p.

Proof. Use the canonical isomorphism F*/(C2F*/F*)? and Corollary 5.7. [

6. FREE PRO-p PRODUCTS OF (GALOIS GROUPS

We say that a pro-p group H is indecomposable if it cannot be written as a
free pro-p product H = Hj*, Hy, with H;, Hy nontrivial closed subgroups of H. We
say that H is strongly indecomposable if it is generated by a collection of closed
indecomposable finitely generated subgroups H; 2 Zy, i € I, such that H;NH; # 1
for all distinct ¢, 7 € I. Clearly, every finitely generated indecomposable pro-p group
H 2 Z, is strongly indecomposable. Conversely, a strongly indecomposable group
is indecomposable — this is an immediate consequence of the following result, which
is proved in [E3| Lemma 5.1]:

Proposition 6.1. Let H,Gy,...,G, be closed subgroups of a pro-p group G such
that G = Gy *p - -+ %, G,, and such that H is strongly indecomposable. Then there
erist 1 < j<n and o € G such that H < G‘;.

Next we show that closures at p-equivalence classes give rise to indecomposable
pro-p Galois groups. To this end we first need a few preliminary facts.

Given a pro-p group G let H"(G) = H"(G,Z/p) be the rth profinite cohomology
group of G with respect to its trivial action on Z/p [S2]. Let H*(G) = .-, H"(G)
be the cohomology ring with the cup product. One says that G is a Demuskin
group [S2, I, §4.5] if it is finitely generated, H?(G) = Z/p, and the cup product
U: HY(G) x HY(G) — H?*(G) is nondegenerate (i.e., it has trivial left and right
kernels).

Lemma 6.2. A pro-p Demuskin group is indecomposable.
Proof. Let G1,G> be closed subgroups of a pro-p Demuskin group G with G = G1 %,
Ga. Then HY(G1)UH(G2) = 0in H%(G), and H?(G) = H*(G1)® H*(G2) = Z/p.
Therefore, without loss of generality, H?(G1) = 0. For every ¢ € H'(G1) we obtain
that

pUH'(G) = pUH'(G1) + 9 UH"(Gy) =0
Since the cup product is nondegenerate, ¢ = 0. Thus H'(G;) =0,s0 G; =1. O
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We will also need the following fact which is proved in [E3l Lemma 5.3 and
Lemma 5.4]:

Proposition 6.3. Let L be a field of characteristic # p containing the roots of
unity of order p. Suppose that Gp(p) % Zp,ﬁoo and that L is p-Henselian with
respect to a valuation © such that H(L*) # po(L*) and char Ly # p. Then Gr(p)
is strongly indecomposable.

We can now generalize part (1) of the Jacob—Marshall theory as in the Introduc-
tion:

Theorem 6.4. Let F' be a closure of F' at a p-equivalence class C. Then G x(p) is
indecomposable. Moreover, if C has type 1 or 3, then G (p) is strongly indecom-
posable.

Proof. When C has type 1, p = 2 and F is Euclidean, so Gp(p) = Z/2 is strongly
indecomposable.

When C has type 2, FX/(FX)p = Z/p, so G (p) is pro-p cyclic and nontrivial.
Hence it is indecomposable (in fact, G4 (p) = Zp).

Finally suppose that C has type 3. Then F'is a p-Henselization of F with respect
to a p-connected valuation v corresponding to C. If char F, # p, then G #(p) is
strongly indecomposable by Proposition 6.3.

If char F,, = p, then v is almost p-adic. Let o', 7/, E, E, F1 be as in Proposition
3.2. When o'(F*) # pt/(F*) we are done again by Proposition 6.3. Finally,
suppose that o'(F*) = pt/(F*). Then G(p) = G5 (p) (see §3(A)). Moreover, by
Proposition 3.2(d)(e), Gz(p) = GE, (p). Since E; is a p-adic field containing the
roots of unity of order p, local class field theory implies that G g, (p) is a finitely
generated pro-p Demuskin group of rank > 3 [S2] II, §5.6, Th. 4]. By Lemma 6.2 it
is indecomposable. Being finitely generated and not isomorphic to Z,, it is in fact
strongly indecomposable. U

Lemma 6.5. Let F C Ly,...,L, C F(p) be intermediate fields such that Gg(p) =
Gr,(p)*p -+ *p G, (p). For each 1 <i<mnletS; =F*NLY. LetT be a group in
X, which contains S; for some 1 < i < n, and let C' be the p-equivalence class of
T. Then:

(a) S; <NC; and

(b) there is a closure F' of F at C containing L;.
Proof. The decomposition H'(Gr(p)) = @, H (Gr,(p)) combined with the
Kummer isomorphism gives a canonical isomorphism F* /(F*)? = ;' | L) /(L])P
(recall that F' contains the pth roots of unity). It follows that F*/S; = L /(L))?,
Il =1,...,n, and F*/(F*)? = [[, F*/S; canonically. Therefore F* = S; -
ml;éi Si-

Assume first that C has type 1 or type 3. Choose a closure F of F at C. By
Theorem 6.4, G'x(p) is strongly indecomposable. Proposition 6.1 therefore yields
1 <j<nand o € Gp(p) such that L; C o(F). We may replace F' by o(F) to
assume without loss of generality that c = 1. Then

S;=F*NLP<F*nFr=(C<T ,

as well as S; < T. Since T' # F* and AFX = S; - S; for | # i, these two facts imply
that ¢ = j. Thus S; <[\ C and L; C F, as desired.
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Finally, suppose that C has type 2, i.e., C = {T'} with T not an ordering. Then
(a) is clear. Since S; <T € X, and F*/S; = L /(L )? canonically, there exists a
unique subgroup 7" < L of index p containing T" and such that F*/T = L*/T".
Next Kummer theory gives rise to a subextension L; C FCF (p) such that 77 <
(EX) and L)}/T' = F*/(F*)P canonically. Then T = F* N FP. Thus F is a
closure of F' at C as required in (b). O

We can now generalize part (3) of the Jacob—Marshall decomposition theory:

Theorem 6.6. Let F C Ly,...,L, C F(p) be intermediate fields. Suppose that
Gr(p) = Gr,(p) *p --- %, Gp, (p). Then each free factor Gp,(p) is generated by
subgroups of the form G (p) for closures F of F' at p-equivalence classes.

Proof. For each 1 < i < n we again set S; = F* N LY. Since S; contains (F*)?,
it is the intersection of all the groups 17" € &), containing it. Given such T', let Cr
be its p-equivalence class. By Lemma 6.5, S; < (\Cr < T, and furthermore, F'
has a closure Fr at Cp containing L;. Hence S; = (N Cr) = Np(F* N ER),
where the intersection is over all T' € A}, containing S;. Let M; = [ Fr. Then
L; CM; C F(p) and S; = F* N M?. Thus the composed homomorphism

FX[S; — LEJ(L)P — M7 /(M])”

is injective. The left map is an isomorphism, so the right map is also injective. This
implies that L; = M;. The assertion follows. O

7. ELEMENTARY DECOMPOSITIONS

In this final section we relate our results to the arithmetic pro-p version of the
elementary-type conjecture as discussed in the Introduction. To this end we need
several preliminary results. Part (a) of the following Proposition is proved in [E5,
Prop. 3.4]. Part (b) is implicit in the proof of [P, Kor. 2.7] (and was explicitly
stated in [E5, Prop. 3.1]).

Proposition 7.1. Let v be a valuation on F such that char F,, = p. Suppose that
F>/(F*)P is finite.
(a) If v(F™) is p-divisible and v is p-Henselian, then Gg(p) is a free pro-p
group.
(b) If v(F*) is not p-divisible and has rank 1, then it is isomorphic to Z and
E, is finite.

Note that since F' contains the pth roots of unity, F* /(F*)? is finite if and only
if Gp(p) is finitely generated.

Lemma 7.2. Let v be a valuation on F with p-Henselization of E,. Suppose that:
(1) the inertia group of v in F(p) is nontrivial;
(2) Gp, (p) is not a free pro-p group and is not Dso;
(3) Gr(p) is finitely generated.
Then:
(a) every coarsening u of v with char F, # p and u(F*) # pu(F*) is p-
connected.
(b) there exists a p-connected valuation u on F which is coarser than v.
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Proof. (a) Conditions (i) and (ii) of Definition 4.3 hold by assumption.

Next we claim that G, (p) % Z/2. Otherwise p = 2 and F, is an ordered field.
Therefore so is its residue field F, [L Th. 3.16(2)]. Furthermore, since the inertia
group of v is nontrivial (by (1)), it must be all of Gz, (2). Hence F, is quadratically
closed, and therefore carries no orderings, a contradiction.

The claim and (2) imply that Gz (p) does not embed in Do. Take a p-
Henselization (F,, ) of (F,u) such that F, C F,. It follows that G 7, (p) is not
pro-p cyclic and is not isomorphic to Duo. Now by Lemma 3.1, (F* : (F*)PG,) =
(EX : (EX)P) > p, proving condition (iii). By Lemma 4.1, 4 is not exceptional, and
therefore neither is u, proving condition (iv).

(b) If char F, # p, then by (1), v(F*)/p # 0. In light of (a), we may therefore
take u = v in this case.

Next suppose that char F, = p. The Zariski spectrum of the valuation ring O,
is linearly ordered by inclusion. Hence there are coarsenings v’,v” of v with v’
coarser than v”, such that w = v /v’ has rank 1, char F,, = 0, and char F,» = p
[E9l Lemma 1.7]. If v'(F*)/p # 0, then, by (a), we may take u = v'.

Finally, suppose that v'(F*)/p = 0. Let E = F,,. Then char E = 0. By (3),
F* /(F*)P is finite, and hence so is its epimorphic image X /(F)? (see Lemma
3.3). Also, w(EX)/p = v(F*)/p = 6(FX)/p (by (2.3)). In light of assumption
(2), Proposition 7.1(a) for (F,,?) now implies that the latter group is nontrivial.
Also, since F*/(F*)P is finite, so is EX/(EX)P = F/(F})P (by (2.2)). Hence
Proposition 7.1(b) for (E,w) shows that w(E*) = Z and F,» = E, is finite.
Therefore the valuation v/v” on this field is trivial, i.e., v = v”. It follows that v is
almost p-adic. Furthermore, since char F,, = p > 0, v is not exceptional. Finally,
Proposition 3.2(h) shows that (F* : (F*)PG.) > p. Conclude that in this case
u = v is p-connected. O

Call a subextension F' C L C F(p) p-local if either:
o Gr(p)=Z/2 (ie., p=2and L is Euclidean);
o Gr(p) =Zy;or
e [ is a p-Henselization of F with respect to a valuation v having a nontrivial
inertia group in F(p).

Proposition 7.3. For Gg(p) finitely generated, the following conditions are equiv-
alent:

(a) there exist p-local subextensions F C Lq,...,L, C F(p) such that
Gr(p) = Gr,(p) #p - % G, (P)

(b) there exist closures Ly,...,L, of F with respect to p-equivalence classes
such that

Gr(p) =Gr,(p) *p -+ *p G, (D)

Proof. (a)=(b): As Gp(p) is finitely generated, so are its quotients Gp,(p), i =
1,...,n. If any of these free factors is a free pro-p group, then we may decompose
it further into finitely many factors of the form Z,. We may therefore assume that
each of the factors is either isomorphic to Z, or is not a free pro-p group. Likewise,

it Gr,(p) 2 Do = (Z/2) %2 (Z/2) for some 1 < i < n, then we can replace Gy, (p)
by two factors of order 2. Thus we may assume that Gp,(p) 2 Do for all i.
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With these assumptions being made, we now show that each L; is a closure of
F' at some p-equivalence class.

By Theorem 6.6 each G, (p) is generated by subgroups of the form G 4 (p), where
F'is a closure of F at some p-equivalence class. If G, (p) is pro-p cyclic, then it
must coincide with one such group, so L; is a closure as desired.

Next suppose that G, (p) is not pro-p cyclic. Then L; = F,isa p-Henselization
of F' with respect to a valuation v having a nontrivial inertia group in F(p). In
light of the reductions above, Lemma 7.2(b) yields a p-connected coarsening u of v.

Let C be the unique p-equivalence class to which u corresponds. Note that |C| >
1. In light of Lemma 5.6, we may replace u by a coarser p-connected valuation to
assume without loss of generality that () C' = (F*)?G,. Let F), be a p-Henselization
of (F,u). In light of Lemma 3.1 and Lemma 3.3, F*/(C = X /(FX)P. Thus F, is
a closure of F at C'. After replacing F, by an F-isomorphic copy we may also assume
that £, C F,, = L;. Since Gp,(p) is not pro-p cyclic, neither is Gp, (p). Theorem
6.4 therefore implies that G £, (p) is strongly indecomposable. Now Proposition
6.1 gives rise to 1 < j < n and 0 € Gp(p) such that G (p) < Gp,(p)?. Also,
Gr,(p) < Gp, (p). In particular, Gr,(p) N Gr,;(p)” # 1. In light of the structure
theory of free pro-p products ([HR, Th. B’], [Mel, Prop. 4.9]), this can happen only
when i = j and 0 € Gy, (p). It follows that F,, = L;, and we are done once again.

(b)=(a): We show that every closure F' of F at a p-equivalence class C' is
p-local.

If |C| = 1, then G z(p) is pro-p cyclic, so this follows from [BJ.

If |C] > 1, then F = F, is a p-Henselization of F with respect to some p-
connected valuation v. If char F, # p, then the inertia group of (F,v) in F(p) is
isomorphic to Zy*, with m = dimg, (v(F*)/p) > 1 (§3(A)). Hence it is nontrivial. If
v is almost p-adic, then its inertia group in F(p) is nontrivial by Proposition 3.2(i).
Conclude that F is p-local in this case as well. (I

We call a free product decomposition as in Proposition 7.3(a) an elementary
decomposition of Gg(p). Thus the arithmetic version of the elementary-type
conjecture discussed in the Introduction says that whenever F' contains a primi-
tive pth root of unity and G (p) is finitely generated, Gr(p) has an elementary
decomposition.

A field is called pseudo-algebraically closed if every geometrically irreducible
affine variety over it has a rational point in the field [F.J, Ch. X]. We now obtain a
partial generalization of part (2) of the Jacob—Marshall decomposition theory:

Theorem 7.4. Suppose that Gr(p) is finitely generated. Then it has an elementary
decomposition in each of the following cases:

(i) F is an algebraic extension of a global field;

(ii) F is an extension of transcendence degree <1 of a local field;

(iii) F is an extension of transcendence degree < 1 of a pseudo-algebraically
closed field;

(iv) F is an intersection of finitely many p-extensions of it which are either
Euclidean (if p = 2) or p-Henselizations with respect to a valuation having
nontrivial inertia groups and residue characteristics # p;

(v) p=2 and F is Pythagorean.
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Proof. This is proved in [E4] and [E6] (for case (1)), [JP] and [ET] (for case (ii)),
[ES] (case (iii)), [E3] (case (iv)), and [J] and [Mi|] (case (v)); note that case (v) is
contained in case (iv). O

Remark 7.5. As is explained in [JWrl] and [JWr2], when p = 2 an elementary
decomposition of the finitely generated group Gr(2) (as in Proposition 7.3(a))
gives a direct product decomposition of abstract Witt rings (in the sense of [Ma2])
W(F) = W(Ly) X --- x W(L,). Furthermore, the direct factors W(L;) have the
following structure:
e  When L, is Euclidean, W(L;) = W (R).
e When Gp,(2) & Zy and /=1 & L; one has W(L;) = W (F3).
e When Gp,(2) & Zy and /—1 € L; one has W (L;) = W (F5).
e When L; is a 2-Henselization of F' with respect to a valuation v with nontrivial
inertia group in F(2) and char F, # 2, one has m = dimg, (v(F*)/2v(F*)) > 1
(§3(A)), and W (L;) is the extension of W (F,) by an elementary abelian 2-group of
rank m (see [Ma2]).
e When L; is a 2-Henselization of F with respect to a valuation v with char F, =
2, the Witt ring W(L;) has elementary type [E5, Th. 5.5]. In fact, the proof of
[ES, Th. 5.5] shows that W (L;) is an extension by an elementary abelian 2-group
of either the Witt ring of a dyadic field, or of the direct product of finitely many
Witt rings of finite fields.

Thus the arithmetic version of the elementary-type conjecture (for maximal pro-2
Galois groups) implies the elementary-type conjecture for Witt rings.
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